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ABSTRACT

Since its entry in the literature, vague set thdway received more and more attention, because ofahg real
life problems are information in the form of vagualues. For Multiple Attribute Group Decision MagifMAGDM)
problems where the attribute weights and the exweights are real numbers and the attribute vataks the form of
vague values, a new approach is introduced inpdyer. The IVOWA operator is introduced and utidiZer aggregating
the vague information. The induced vague orderedived averaging operator (IVOWA) for vague setmisoduced and
a MAGDM model is developed based on the IVOWA opmrand the vague weighted averaging (VWA) operator
A simple illustration is presented to show the eifeeness of the proposed mode and a comparistiregiroposed model

is made with an existing method.

KEYWORDS: Multiple Attribute Group Decision Making, Inducedayue Ordered Weighted Averaging Operator
(IVOWA), Vague Sets

INTRODUCTION

Since the theory of fuzzy sets [20] was proposedd6b5, it has been applied in many uncertain in&iiom
processing problems successfully, since in the weald there is vague information about differepplcations. In [8],
Gau & Buehrer pointed out the drawback of usingsimgle membership value in fuzzy set theory. ldeorto tackle this
problem, they [8] proposed the notion of Vague $€8s), which allow using interval-based membershgtead of using
point-based membership as in FSs. The intervalebasambership generalization in VSs is more expvessi capturing
vagueness of data. However, VSs are shown to beadeut to that of IFSs [6]. For this reason, theeiesting features for
handling vague data that are unique to VSs aresllarignored. Atanasov [4, 5] proposed Intuition Zyzset theory.
Gau and Buehrer [8] proposed the concept of VaguieBaistince & Burillo [6] proposed that Vague gets intuitionistic
fuzzy sets and unified the intuition fuzzy set ahd Vague set. As the Vague set [6] took the mestiygrdegree,
non-membership degree and hesitancy degree intuatcand has more ability to deal with uncertaifoimation than
traditional fuzzy set, lots of scholars pay attemsi to the research of Vague set. Atanassov ango@§s] extended the

intuition vague set and proposed the concept efwal intuition vague set, also named interval \éaget.

A Vague Set (VS), as well as an Intuitionistic Fu&et (IFS), is a further generalization of an fuzet. Instead
of using point-based membership as in FSs, intdyaaéd membership is used in a VS. The intervaécdasembership in

VSs is more expressive in capturing vagueness tf. da the literature, the notions of IFSs and \&4Bs regarded as
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equivalent, in the sense that an IFS is isomorfhia VS. Furthermore, due to such equivalence &8d being earlier
known as a tradition, the interesting features Handling vague data that are unique to VSs areeljarggnored.

Decision-making is the process of finding the lmgstion from all of the feasible alternatives. Somets, decision-making
problems considering several criteria are calledtiratiteria decision-making (MCDM) problems. TheQ®M problems

may be divided into two kinds. One is the classM&@DM problems [10, 11], among which the ratingsl dime weights of
criteria are measured in crisp numbers. Anothérésuzzy multiple criteria decision-making (FMCDMjoblems, among
which the ratings and the weights of criteria eatdd on imprecision and vagueness are usually ssgadeby linguistic

terms, fuzzy numbers or intuition fuzzy numbers.

A MAGDM problem is to find a desirable solution froa finite number of feasible alternatives assessed
multiple attributes, both quantitative and quaiat In order to choose a desirable solution, theigion maker often
provides his/her preference information which tattes form of numerical values, such as exact valinsrval number
values and fuzzy numbers. However, under many tiondi numerical values are inadequate or inseificto model
real-life decision problems. Indeed, human judgmeinicluding preference information may be statedvague
information. Hence, MAGDM problems under vague emwinent [10, 12, 13, 14, 15, 16, 17] is an inténgsarea of

study for researchers in the recent days.

Different types of aggregation operators are foiumdhe literature for aggregating the informatiok.very
common aggregation method is the ordered weightedaging (OWA) operator. It provides a parametetifamily of
aggregation operators that includes as specialscise maximum, the minimum and the average crite3iace its
appearance, the OWA operator has been used inanaidje of applications. Induced intuitionistic zyzoperators are
already in the literature [18, 19]. In this paper propose the weighted averaging operator, ordesighted averaging
operator and the induced ordered weighted averagpegator for vague sets. We also propose a genavdkl for
decision making utilising these operators for vagets together with a new distance function defibaded on the

distance functions from [9].
PRELIMINARIES OF VAGUE SETS

In this section, we some basic concepts relatdtS® are discussed. Let U be a classical set ottyjealled the

universe of discourse, where an element of U i9tkehby u.
Definition (Vague Set)

A vague set A in a universe of discourse U is otter&zed by a true membership functiop, &nd a false

membership functionf, as follows [7]:

ta: U— [0, 1], fa : U— [0, 1], and % (u) + fa (u) < 1, where 4 (u) is a lower bound on the grade of membership
of u derived from the evidence for u, and(fi) is a lower bound on the grade of membershithefnegation of u derived

from the evidence against u. Suppose U 5 (..., W}. A vague set A of the universe of discourse U barrepresented

by

A:i[t(ui)’l'f(ui )]/ui ’OS t(l1| )S 1'f(l.r| )S 1,]S K r.
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In other words, the grade of membership ofwbounded to a subintervaj(ti), 1 — fa(u)] of [0, 1]. Thus, VSs

are a generalization of FSs, since the grade oftmeshipua(u) of u in the above definition may be inexacaiN's.

Basic Definitions and Operations in Vague Sets

Let x, y be the two vague values in the universdisourse U, x = {t1 - f], y = [t,,1 - f], where §, f,, t,, f, L]

[0,1]and { + f, < 1,t, + f, < 1; the operation and relationship between vaglgesas defined as follows [1, 2, 3]:
Definition
The minimum operation of vague values x and y fsndd by
x Uy =[min(t t,),min(1 - f, 1 - f)]
=[min (& t,), 1 —max (1 -§ 1 -1)]
Definition
The maximum operation of vague values x and y iseé by
x Oy =[max(, t,),max(1 - £, 1 - )]
=[max (& t), 1 —min (1 -f 1-1)]
Definition

The complement of vague value x is defined by
X = [le l - t(]
Let A, B be two VSs in the universe of discourse (i, W, . . ., Uy},

n n
A= Z [ta (u),1 - fo (w)]/u;and B :z [te (W),1 — & (w)]/u;, then the operations between VSs are defined as
i=1 i=1

follows.

The intersection of VSs A and B is defined by
n

ANB=Y {lta) 1-fw] Olte(w), 1 -& W,
i=1

The union of vague sets A and B is defined by
n

AUB=Y" {ta(), 1-f(w)] Ulte(w), 1-& Wy,
i=1

The complement of vague set A is defined by

A= [fa), 1-t @,

i=1
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Definition

For vague value x =jt1 - £], define the defuzzification function to get thegise value as follows:
Dfzz (x) =t/ (1, + fy).
Graphical Representation of a VS

As we can see that the difference between VSsk8s is due to the definition of membership intesvilVe have
[ta(u), 1 — f(u)] for uin A (a VS), but < iX), va(x) > for x in A (an IFS). Here the semantics @fis the same as with
ta and v is the same as with .fHowever, the boundary (1 z J is able to indicate the possible existence dat value,
as already mentioned by An Lu and Wilfred [1,213}is subtle difference gives rise to a simpler fmeaningful graphical

view of data sets. Figuterepresents the existence of the vague data valoetimeen the boundaries gfand (1- f).

E

1-fa

0 u‘ U

Figure 1. Geometrical Interpretation of a Vague Set
It can be seen that, the shaded part formed bypdedary in a given VS in Figurk naturally represents the
possible existence of data. Thus, this “hesitatiegion” corresponds to the intuition of represemtivague data.
The choice of the membership boundary also haseistiag implications on modelling relationship beém vague data.

In the following, a new distance function is defirfer ranking the alternatives in MAGDM problems.
Definition
Let A=(t (%), fa(%)), B=(£ (%), £ (X)) be two vague values. Then the Euclidean distamteeen

A and B is given as follows:

d(A B):\/%i [(L.0N= 607 +@- £00-A- £ ()]

i=1
THE IVOWA OPERATOR FOR GROUP DECISION MAKING

In this paper we define a new operator called tmtuted Vague Ordered Weighted Averaging (IVOWA)

operator for vague sets.

Definition

Let éj =(t;, f;), ] =1,2,...n be a collection of vague values, and let the vageighted averaging operator
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VWA is defined asVWA: Q' - Cif

VWA (a, a,..., @)= Zw, a :(1— |'l (-t )" |'l @ f, ¥ J

- n
Where w= (&), W, ...,0W, Y be the weight vector oftj = (tj, fj) and @ >0, w =1
=1

Definition

Let c’:l,- =(t;, f;), ] =1,2,...n be a collection of vague values, then the Vagudefad Weighted Averaging
(VOWA) operator of dimension n is given by the mamgpVOWA @ - C, with an associated weight vector
w=(W,,W,,...,w, ) such that

n

w;>0 and > w =

VOWAW(Na,Na,...,Na)ziwj “ag) :(1—|j E k) rl & § )”J}

Where(n(l),ﬂ(Z), LJTQ )) is a permutation of (1,2,...,n) such trah(j—l) > a'r[(j) for all j=2,3,...,n.

Definition

The IVOWA operator is defined as follows:

vowa,((ua).(ua)...{ u~a>):§ w g {1—“ (& ity n & f “5"]

004 and > w=Lg,=t(f, isthe

=

—_ \
Where W=(Wy,W,,..., W, ) is a weighting vector such thal

é value of VOWA pair<ui ) EL> having the ' largest u [0,1] and U in <ui ) a.> is called as the order inducing

variable andai is the vague value. The IVOWA operator satisfiesfollowing properties:

Commutativity

vowa, ((y.a).( y.@)...{ u a)= vowA( u™8 ( u'g ..{ u'd)

Where(<u1, §1> ,<uz,5(2> < y 3n>) is any permutation o(<u1, 51> ,<U2,~32> < y ,~a.>) .
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Idempotency

If a; = a, wherea; =(t, f.), a= (t, f) forallj,

Then IVOWA, (< y,a),(y, a),...{ ,~a>) =",
Monotonicity

If a; < & for all j, then

oW (03 0. 2) - val)s VOWA( a7 { a4 1 73)

PROPOSED MODEL OF MAGDM

Let A={A, A...., A} be a set of alternativesG={G, G,..., G} be the set of alternatives,
n
w=(w,a,,....0,) is the weighting vector of the attributéBj, j=1,2,...,n, where @, [0,1], ijzl.
j=1

Let D={D, D,,...,D,} be the set of decision maked, = (V,,V,,...,V, ) be the weighting vector of the decision

makers, withV, [J[0,1], ZV =1 Let R =

r., )m:(t‘j(k)a fj(k))m be the vague decision matrix, whd;jé") is the

degree of the truth membership value that the redtare A satisfies the attributeGj given by the decision maker
D, and fij(k) is the degree of false membership value that thernative for the alternativehy, where
tij(k), fij(k) 0[0,1] and,tij(") + fij(k) <1,i=1,2,....m, j=1,2,...,n, k=1,2,....t

The developed model of MAGDM is given as follows:

= ~ (K
Step 1:Utilize the vague decision matrikd = ( I ) = (Ej(k), fij (k)) and the IVOWA operator which
mxn mxn

has the associated weighting vectwr(W,,W,, ..., W, Y

r —( i i ) IVOWA, (<\{ f > < ,~ > <\{ N ¢ )>) i=1,2,....m, j=1,2,...,n, to aggregate into a

~ ~ (k)
collective decision matrixRx = ( Fij ) , whereV =(V,, V,,..., V,) be the weighting vector of the decision maker.
mxn

~ ~ (k)
Step 2: Utilizing the information from the collective dems matrix Rk = ( I ) and the VWA operator
mxn

( 0 I) VWAU( fi1, Ii 2,...,Fin ) i=1,2,...,m, derive the collective overall prefetervalues of the alternativd,

when W= (], &, ...,&, ) is the weighting vector of the attributes.
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Step 3:Calculate the distance between the collective divpraference valuedi and the positive ideal vague

~ — - ~—
value I , or the negative ideal vague valtie, wherel" = (1,0) andr = (p,1) Using the Euclidean distance function

~ ~+
we can find the distances between the collectiverallpreference valuebi and the positive ideal vague vallie gg

follows:

(i) :ﬁz [ 0L () +(A- £, 0§)- @ L. (1) ]

i=1
Step 4:Rank all the alternatived , where i = 1, 2,...,m and select the best one ioraence with the distance
obtained in step 3.
NUMERICAL ILLUSTRATION

Suppose an investment company, wanting to invesina of money in the best option, and there is &lpaith

five possible alternatives to invest the money;
A;is an IT company,
A, is a multinational company,
Az is a tools company,
A, is an airlines company and
As is an automobile company.

The investment company must take a decision acuprdi the four following attributes; Gs the risk analysis,

G, is the growth analysis, 3s the socio-political impact analysis and i& the environmental impact analysis. The five
possible alternativesd), where i = 1,2,....m, are to be evaluated by threeisibn makers whose weighting vector is

V = (0.35,0.40,0.28)under the above said four attributes whose waightiector iscw= (0.2,0.1,0.3,0.4), which gives

~ [~ ®
the decision matrices of vague valugs = ( Fi ) k=1,2,3
5x4

[(0.4873,0.7256) (0.5221,0.7222) (0.6288312) (0.4427,0.9986]
(0.3271,0.9001) (0.6676,0.5413) (0.4268126) (0.7710,0.9442
(0.5238,0.8011) (0.4278,0.5261) (0.552BAL6) (0.5687,0.7981
(0.7218,0.6283) (0213,0.8912) (0.8311,0.9219) (0.6626,1BpP
(0.6257,0.7983)  (0.8321,0.9426) .6®66,0.7119) (0.4136,0.629%

Y
I
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[(0.4351,0.7846) (0.5121,0.7221) (0.1008221) (0.2217,0.7184
(0.6321,0.8221) (0.6226,0.8108) (0.3008129) (0.6225,0.9105
R, =| (0.5387,0.9105) (0.4124,0.7216) (0.50101M1) (0.4491,0.5426
(0.7317,0.8119) (5221,0.8001) (0.2091,0.4104) (0.2101,a@)}
(0.5273,0.6217) (0.3125,0.7278) .41R8,0.7182) (0.6210,0.810%

[(0.3198,0.8279) (0.4419,0.9816) (0.2215221) (0.6661,0.7027)
(0.7726,0.8901) (0.6245,0.7815) (0.62168225) (0.7101,0.9005)
Rs =| (0.5201,0.7287) (0.5821,0.6286) (0.7113A11) (0.6105,0.9117)
(0.3247,0.4821) (U139,0.8148) (0.4212,0.5334) (0.5529, 7P
(0.7351,0.9113)  (0.8001,0.9112) .2®21,0.6121) (0.4214,0.500}

\wa

~ ~ (k)
Step 1: Utilizing the decision information given in the tria R« =(rij ) ,k=1,2,3 and thelVOWA
5x4

operator which has the associated weighting vewtor (0.2, 0.35, 0.45), we get a collective decision matrix

=~ ~ (k)
Rk = ( Fij )
5x4

[(0.4229,0.7718) (0.4933,0.8041) (0.42568B6) (0.5020,0.8267)
(0.5921,0.8805) (0.6442,0.6673) (0.45404%3) (0.7252,0.9219
(0.5255,0.7951) (0.4847,0.5964) (0.6080326) (0.5629,0.7741
(0.6233,0.6028) (6S868,0.8452) (0.6461,0.6475) (0.5586,0.583
(0.6525,0.7954)  (0.7634,0.8845) .4821,0.6764) (0.4651,0.611]

Py
I

Step 2: Utilizing the VWA operator, we obtain the collective overall prefee valuesri of the alternatives

A, wherei=1,2,...,5.

r. =(0.4637,0.7622) . = (0.6313,0.8294),= (0.5628458)
rs=(0.6133,0.6699)s = (0.5521,0.6891).

Step 3:Calculating the distances between the collectiverall/preference valueki and the positive ideal vague

~+
valuer =(1,0). The distances calculated from the following distafunction

d(r, 1) :\/éz [ 0=t () + (@ F, 06)= @ £ () |

i=1
are given by:

d,(r,r )=0.6142,d, 21 )= 0.582%,r6r, 3 0.528b,r 4 , =) 0.4281 sf )=0.4776
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Step 4:Rank the alternatives based on the shortest distanc
As< As< A< A< Ay
Hence Ais the best alternative.

Let us consider the replacing of Step-3 with therelation coefficient proposed in [14] and [17].

Then the ranking order of the alternatives is olgdias follows:
Ar> Ay> Az> As> Ay
Hence Ais the best alternative.

From the comparison, it can be observed that thera change in the ranking of the best alternatives
In the proposed method with a distance functiop,isAthe best alternative, and with the replacentérdtep-3 in the
algorithm with methods as in [14] and [17] it candeen that Ais the best alternative

CONCLUSIONS

In this paper we have presented the ordered welghweraging operators in the context of vague fsebry.
Vague sets can better handle vagueness and untegrthan intuitionistic fuzzy sets. Initially theague weighted
averaging (VWA) operator was developed and based\W operator, the vague ordered weighted averaif@WA)
operator was introduced. Finally the induced ordeneighted averaging (I-VOWA) operator was devetbpnd a
MAGDM model was proposed using all the above predosperators. The proposed model of MAGDM can llesed
based on any distance function present in theatitiee.
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